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Abstract 

For the Schrodinger flow from M 2 x R + to the 2-sphere S 2 , it is not known if finite 
energy solutions can blow up in finite time. We study equivariant solutions whose 
energy is near the energy of the family of equivariant harmonic maps. We prove that 
such solutions remain close to the harmonic maps until the blow up time (if any), and 
that they blow up if and only if the length scale of the nearest harmonic map goes to 
zero. 
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1 Introduction and main result 

The Schrodinger flow for maps from M 71 to § 2 (also known as the Schrodinger map, and, 
in ferromagnetism, as the Heisenberg model or Landau-Lifshitz equation) is given by the 
equation 

ut = u x Am, u(x, 0) = uq(x). (1-1) 
Here u(x,t) is the unknown map from M n x IR + to the 2-sphere 

S 2 := {u£R 3 I |u| = 1} C M 3 , 
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A denotes the Laplace operator in W 1 , and x denotes the cross product in M 3 . A more 
geometric way to write this equation is 

u t = JPAu, PAu = Au + \Vu\ 2 u (1.2) 

where P = P u denotes the orthogonal projection from M 3 onto the tangent plane 

T u § 2 := G R 3 | f • u = 0} 

to § 2 at u, and J = J u := ux is a rotation through 7r/2 on T U S 2 . 

On one hand, Equation Ijl.lJ) is a borderline case of the Landau-Lifshitz-Gilbert equa- 
tions which model isotropic ferromagnetic spin systems: 

ut = aPAu + bJPAu, a > 0. (1.3) 

(see, eg., ^l^^)- The Schrodinger flow corresponds to the case a = 0. The case 6 = 
is the well-studied harmonic map heat flow, for which some finite-energy solutions do blow 
up in finite time (0). 

On the other hand, equation Ijl.ljl is a particular case of the Schrodinger flow from a 
Riemannian manifold into another one with a complex structure (see, eg., |2U1 151 IT§1 HJ1 11U1 
I15[ I7j). We will limit ourselves to the case u : M 71 x 1R + — > S 2 in this paper. 

Equation (|1.1|) can be written in the divergence form Ut = X]j=i^j( n x ^j u )i which is 
useful in the construction of global weak solutions . Its formal equivalence to a nonlinear 
Schrodinger equation (NLS) can be seen by applying the stereographic projection from S 2 
to Coo, the extended complex plane: 

w = — — , iw t = -Aw + 2J- ( d 3 W ) ■ L4 

1 + Us 1 + \iv\ z J 

It is also known to be equivalent to an integrable cubic NLS in space dimension n = 1 (see, 

eg., 0HE1). 

Equation (jl.lj) formally conserves the energy 

S(w) = ^/ \Vu\ 2 dx = l [ f2J2\djU k \ 2 dx. (1.5) 

1 j=i k=i 

The space dimension n = 2 is critical in the sense that £(it) is invariant under scaling. In 
general, 

£( u ) = s "- 2 £(n s ), u s (x) :=u(x/s), s > 0. (1.6) 

For our problem u : R n x 1R + — ► S 2 , local in time well-posedness (LWP) is established 
in |17j in the class \u\ = 1 and S H k (W l ), where k > n/2 + 1 is an integer. They also 
proved global in time well-posedness (GWP) in the same class when n = 1, and when n > 2 
for data which is small in certain Sobolev norms. For n = 2, global existence is proved in 
[S] for small energy radial or equivariant data. Also for n = 2, LWP for a closely related 
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system of nonlinear Schrodinger equations is established in |13l I14j . for data corresponding 
to Vu G H 1+e . 

There are known to be self-similar blow-up solutions for n = 2 j^j; however, these do 
not have finite energy. 

Solutions resembling solitary waves exist for n = 2 when the target manifold is the 
hyperbolic 2-space, but these, again, have infinite energy, see (BJ. They generate blow-up 
solutions as well. 

Fix m G Z a non-zero integer. By an m-equivariant map u : R 2 - 1 " 2 
of the form 



we mean a map 



u(r, 0) 



men 



v(r) 



(1.7) 



where (r, 6) are polar coordinates on M 2 , v : [0, oo) — > S 2 , and R is the matrix generating 
rotations around the U3-axis: 





"0 


-1 


0" 




R = 


1 








, e aR = 










0_ 




the case 


m = 


0. 


The class of 



cos a — sin a 
sin a cos a 
1 



(1.8) 



by the Schrodinger flow. 

If u is m-equivariant, we have \Vu\ 2 

£(u) = 7T 



|n r | 2 + r 2 \uq\ 2 



v r z + 



\Rv\ 2 and so 



1 2 / 2 2 \ \ j 

v r \ + -pfKVi +v 2 ) ) rdr. 



(1.9) 



If £(w) < oo, the limits \\m r ^Qv{r) and lim r ^ 00 f(r) make sense (see (12.21) in the next 
section), and so we must have t>(0),u(oo) = ±fe, where k = (0,0, 1) T . We may and will fix 
v(0) = —k. The two cases v(oo) = ±k correspond to different topological classes of maps. 
We denote by T, m the class of m-equivariant maps with v(oo) = k: 



u : 



u 



m8R 



v(r), £(n) < oo, v (0) = —k, v(oo) = /c j 



(1.10) 



The energy £(u) can be rewritten as follows: 

,2 



£(n) =vr / | \r,.\- + 
where J v := v x, and 
£ ■ — 2tt 

^min — ^" 



m 



J v Rv\ 2 ^j rdr = vr J \v r -^J v Rv\ 2 rdr + E min (1.11) 



f°° \m\ f°° 

/ v r -^J v Rvrdr = 27r\m\ / (v 3 ) r dr = 2vr|m| [v 3 (oo) + 1] (1.12) 
Jo r J 

(using v i + v\ + v| = 1). The number £ m i n , which depends only on the boundary conditions, 
is in fact 4-/r times the absolute value of the degree of the map u, considered as a map from 
S 2 to itself (defined, for example, by integrating the pullback by u of the volume form on 
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S 2 ). It provides a lower bound for the energy of an m-equivariant map, £(u) > £ m i n , and 
this lower bound is attained if and only if 

TTl 

v r = —J v Rv. (1.13) 

r 

If v(oo) = —k, the minimal energy is £min — and is attained by the constant map, u — — k. 
On the other hand, if v(oo) = k, the minimal energy is 

E(u) > £ m i n = 47r|m| 

and is attained by the 2-parameter family of harmonic maps 







in 



{e m0R h s > a (r) | s > 0, a G [0, 2^)} (1.14) 



where 
and 



h s ' a (r) :=e aR h(r/s), 

hi(r) \ 2 i m | _ | m | 

h{r)=\ , h 1 (r) = ^-. j-r, h 3 (r) = ^-, j-r. (1.15) 

1 ' f\ m \ -)- f — \ m \ f\ m \ -\- f~ \ m \ 



hs(r) 

The fact that h(r) satisfies (|1.13|) means 



(frl)r = ^1^3, (/i 3 )r = -/if- (1.16) 



So O m is the orbit of the single harmonic map e mdR h{r) under the symmetries of the energy 
£ which preserve equivariance: scaling, and rotation. Explicitly, 

(cos(m# + a)h\{r / 1 s) \ 
sin(m0 + a)/ii(r/s) . (1.17) 
hs(r/s) J 

The solution ()1.15j) is easily found by solving the system ()1.13(l of ODEs directly. Alter- 
nately, under the stereographic projection (|1.4|) . Equation ()1.13|) amounts to the Cauchy- 
Riemann equations, and these harmonic maps correspond to the anti-meromorphic (if 
m > 0) functions 

w = e ia (-) , z = re td . (1.18) 



We are now ready to state our main result. We denote [|w||gfc = ||V m|| l2 . 

Theorem 1.1 There exist 5 > and Cq,C\ > such that if u E C([0,T); H 2 n S m ) is a 
solution of the Schrodinger flow (|l.lj) conserving energy, and satisfying 

5f := £(uo) - 47r|m| < <5 2 , 
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then there exist s(t) £ C([0,T); (0, oo)) and a(t) E C([0, T);R) so that 



u{x,t)-e^ me+a ^ R h{r/s{t)) . <C 5 X , Vt€[0,T). (1.19) 



Moreover, s{t) > Ci/\\u(t)\\jj . Furthermore, ifT < oo is the maximal time of existence for 
u in H 2 (i.e. lim t _> T - \\u(t)\\^ 2 =00), then 

liminf s(t) = 0. (1.20) 

Remark 1.2 1. This theorem can be viewed, on one hand, as an orbital stability result 
for the family of harmonic maps (at least up to the possible blow-up time), and on the 
other hand as a characterization of blow-up for energy near £min' solutions blow-up 
if and only if the ij 1 -nearest harmonic map "collapses" (i.e. its length-scale goes to 
zero) . 

2. The assumption £(uo) — 47r|m| < 5 2 implies uq is close to m in H 1 (see (|2.7j) ). but 
not necessarily in H 2 . 

3. The existence of local (in time) H 2 n H 1 solutions of (|1.1|) is established in |17j for 
sufficiently regular initial data. In particular, this ensures Theorem ll.ll is non-empty 
(see also ^31-^3] f° r local well-posedness results). Local well-posedness with data 
in H 2 n H 1 appears still to be open. If we had this, (jl.20f) could be replaced by 
hm t _,y- s(t) = 0. 

4. Prom now on we will assume m > 0. The cases m < of Theorem 11.11 follow from the 
change of variables (x±, X2, X3) — > (xi, —X2,xs). 

The plan for the paper is as follows: In Section [2] we study maps whose energy is close 
to that of the family of harmonic maps. The analysis here is completely time-independent. 
In Section 01 we apply Strichartz estimates to a certain nonlinear Schrodinger equation, 
obtained via the Hasimoto transformation introduced in 3J, and present the proof of the 
main theorem. The proofs of some of the more technical lemmas are relegated to Section 
in order to streamline the presentation. Without loss of generality, we assume m > for 
the rest of the paper. 

Remark on notation: throughout the paper, the letter C is used to denote a generic 
constant, the value of which may change from line to line. 



2 Maps with energy near the harmonic map energy 

This section is devoted entirely to static m-equivariant maps (i.e. there is no time-dependence 
anywhere in this section). We establish some properties of maps with energy close to the 
harmonic map energy Airm. Roughly speaking, we prove that such maps are i? 1 -close to 
harmonic maps. Precise statements appear in Theorem 12 . 1 1 b elow. 
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We define the distance from any map u to the family m of m-equivariant harmonic 
maps to be 

dist(u,O m ):= inf \\u - e m9R h s ' a \\ 

Here S 1 = M/2tt. 

The following theorem defines a (nonlinear) projection from the set S m of m-equivariant 
maps with energy close to 4irm onto the family m , and establishes a key fact: for maps in 
this set, the squared distance dist 2 (u, m ) is bounded by the energy difference £(u) — 47rm. 

Theorem 2.1 There are constants 5 > and Cq, C\ > such that if u £ S m satisfies 

£(u) < 4vrm + (5 2 , 

i/ien i/ie following hold: 

(a) There exist unique s(u) £ (0, oo) and a(n) G S 1 stic/i that 

dist («, m ) = ||u - e m6R h s ^' a ^ ll^x . 

Moreover, s(u) and a(u) are continuous functions of u £ H 1 . 

(b) dist (u, O m ) < C [£(n) - 4 7 rm] 1 /2 < c 5. 

(c) Ifue H 2 (R 2 ), then s(u) ||n||^ 2(]R2) > C\. 

Proof. The proof is long, so we break it into a series of steps. At each step, we may 
need to take 5 smaller than in the previous step. 

Step 1: a change of variable. Recall that u £ S m implies that in polar coordinates 
(r, u(x) = e mdR v(r), with v(0) = —k and v(oo) = k. The change of variables 

r — > y = mlog(r) £ (— oo, oo), or e y = r m 

turns out to be very useful for our purposes. Set 

v( y ) ■= v ( e yi m ). 

Under this change of variables, the H 1 inner-product of m-equivariant maps changes as 
follows: 

( e mdR v(r),e mm w{r)) til = [ V{e mm v{r)] ■ V[e mt)R w{r)}dx 

f°° m 2 

= 2tt (v r • w r -\ ttRv ■ Rw)rdr 

Jo r 

= 2-irm / (v' ■ w' + Rv ■ Rw) dy, 
Jr 
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where " ' " denotes d/dy. In particular, 



£(u) = 2nmE(v), E(v) 



\v(y)\ 2 + vi(y) 2 + v 2 {y) 2 )dy. 



(2.1) 



Note that this implies Vj £ H 1 ^) for j = 1,2, and in particular (vj) 1 £ so that the 

limits lim y ->± oc Vj (y) exist, and are equal 0. v is continuous, and v\ = \ — v\ — v\ has limit 
1 as y — ► ±oo. Thus the limits lim^-toc, v exist, justifying our earlier claim 



lim v (r) and lim v (r) exist. 

r^O 'i — >oo 



(2.2) 



Recall that for v £ S m , we have chosen v(— oo) = —k, v(oo) = k. 
E(v) inherits the "topological lower bound" 



L'(t<) - 2 + - / \v - rRv\ 2 dy> 2. 



(2.3) 



In this new variable, scaling r corresponds to translating y. In particular, the family of 
harmonic maps is composed of translations and rotations of a simple explicit map: 

h s > a (r) = e aR h(r/s) = e aR h(y - mlog(s)) 

sech y 
h(y) = [ 

tanhy 

Step 2: energy close to 4irm implies u close to a harmonic map. Expressed in 
the variable y, what we would like to prove is 



Lemma 2.2 For any e > 0, there exists /i > such that if a map v : 
E(v) < 2 + fi, and v(—oo) = —k, v(oo) = k, then 



S 2 satisfies 



inf 



v - e aR h(- - a) 



H 1 



< e. 



Proof. Suppose not. Then there exist Vj(r), j = 1, 2, 3, . . ., and £q > such that 



\Vj(r)\ = 1, E( Vj ) < 2 + j, Vj{±oo) = ±k, r, - <" h 'h{- - a) 



>e 



(2.4) 



for every aE§' and a G E. Since E(vj) < oo, vj is continuous, and thus Vjs(aj) = for 
some aj £ IL We replace Vj by Wj(y) := e~ a i R Vj{y + a^), where ctj £ S 1 is chosen so that 
1^.(0) = % = (1,0, 0) T . The properties (E3J) still hold for {wj}: 



\wj(r)\ = 1, E(wj) < 2 + - , Wj(±oo) = ±k, 



Wj — h 



H 1 



(2.5) 
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Since supj E(wj) < oo, there is a subsequence (which we continue to denote by {wj}), and 
a limit vector function w*(y), satisfying 



W\ , W j2 



W 



J3 



W ; 



W 



weakly in H 1 
weakly in L 2 



(2.6) 



strongly in Lf oc 



Because of the local uniform convergence, we have \w* 
hand, by the topological lower bound ()2.3j) . we have 

1 



1 and w*(0) = i. On the other 



2 < E(wj) = 2 + - / - J w jR Wj \ < 2 + -, 



from which it is immediate that 



w ; 



J w iRw 



as j — > oo. For any bounded 



interval I, using J w Rw = k — w^w, we have 



J w iRw~ - J w Rw* 



mi) 



\Wj3Wj — w^w* I 



L3(J) 



as j 



OO. 



Hence — ► J 1 " -Rw* strongly in L 2 (I). On the other hand, u;*' is the weak limit of w'j, 
and so we obtain w*' = J w Rw* almost everywhere, with w*(0) = 1. By uniqueness of H^ oc 
solutions of this system of ordinary differential equations, we must have 

w*(y) = h(y) = (sechy, 0,tanhy) T . 



Now we note that 



E(w*) = E(h) = 2= lim E{ Wj ). 



By (EU), 



\Rw* 



, 11 *'ii 2 
+ I Fa Wlh 



lim 



\Rw 



By weak lower semi-continuity, i.e. 



\Rw*\ 



11 1 



< liminf \\Rw 



w 3 



+ \\w 



mm 



< lim inf 1 1 w\ 



i3|| L 2 ( 



we have II Rw 



Jlltfif 



\Rw* 







2 




and 




L 2 (R) 


W$ 



m 



, which implies Rwj 



Rw* strongly in H 1 (R) and w'^ — ► ^3 strongly in I? (M) . Finally, we will show that wj — h 
converges to strongly in if 1 (M), which will contradict assumption ()2.5|) . and so complete 
the proof of the lemma. Indeed, 



w ; 



h 



11 1 



W ; 



h' 



+ 



Rwj — Rh 



+ 



Wj3 - h 3 



We have already shown that the first two terms go to zero in the limit, and so it remains 
to consider the last term. For this, we need another lemma. For / : (a, b) — > M, denote 
by T( ab \(f) the total variation of / on (a,b). The following lemma shows that the total 
variation of V3 is close to 2 if £(it) is close to 4irm. 
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Lemma 2.3 If u = e m9R v(r) E S m and £(u) = iirm + e , then T (0tOO )(v 3 ) < 2 + Ce . 

Proof. Make the change of variable v{y) = v(e y ^ m ), and write v = (/5cos(a>), psm(Q), V3), 
so that p 2 = v\ + v\ . We have 

4+^> / (1^ + 1^)^= / + l&L + f)dy 



= 2T K (i}3). 



Dividing by 2 on both sides completes the proof. rj 

Applying this lemma to Wj, we have T^_(wjz) < 2 + C/j. Since tt>j3(— 00) = —1, ^3(0) = 
0, and 1(^3(00) = 1, we have Wj^{y) > —C/j for y > (and similar for y < 0). Fix e± > 0. 
For \y\ > ei and j sufficiently large (depending on ei), 

F3j - ^3 1 = 1 — " T7 - TT 



k3j + ^| |^3 1 - C/j 



2 ,0 ; -j 2 

~~ ta 

and so 



< — 7 — \wt - h 2 \ = \\Rh\ 2 - \RwA 2 \, 

~ tanhei 1 iJ 31 tanhei 1 Jl 1 



/ |^3j — ^3| 2 dy — > as j — > 00. 
J\y\>zi 

Since Jiyi <ei l^j — hs\ 2 dy < Ce± and ei is arbitrary, we conclude \\wsj — ^3||l 2 (m) ~~ * 0- This 
completes the proof of Lemma 12.21 q 

Translating Lemma 12.21 back to the original variable r = e y / m , we find: 

given e > 0, there is \i > s.t. if 

u E E m , £(u) < 4irm + (2-7) 
then dist (u, m ) < e. 

Step 3: existence of s(it) and a(u). Recall that since u E S m , £(u) > 4-7rm, and set 
5i := [£(u) — 47rm] 1 / 2 < 5. We observe first that 



lim inf I u - e mon h s ' a [ML = lim inf I u - e™"/^ IK = 87rm + 5f. {21 

s— +00 a " s^0 a " 



Indeed, we have 

|| n _ e mBR h s,a^ = + 8\ - 2 f Vu ■ V (e m6R h s > a )dx, (2.9) 
and it suffices to show that for any a E S 1 

f Vu ■ V(e m9R h s ' a )dx 0, (2.10) 
as s — ► or 5 — ► 00 . Since h s,a (r) = h 1,a (r/s), this latter fact follows from an easy lemma: 
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Lemma 2.4 If f G L 2 (R 2 ), then 
1 



-f(x/s) — > weakly in L (M ) as s — > oo and s — ► 0. 



Proof. First suppose / G L 2 n and fix g G L 2 . By Holder's inequality, 
/ -f{x/s)g(x)dx = f -f(x/s)g{x)dx + f -f{x/s)g(x)d. 



x 

\x\<y/s S J\x\>y/S 

\ 1/2 

vr . „ .,, / / , , 



< \\f\\ LX \\g\\ L2 V- + ||/|| i2 / \g(x)\ 2 dx -> 

as s — ► oo. A similar argument covers the s — ► case. For general / G L 2 , choose 
f e G L 2 n with ||/ e — /\\l 2 < £■ Then by the above argument, 

-f{x/s)g(x)dx\ < e\\g\\ L 2 + o(s). 

Since e is arbitrary, we are done. rj 

To prove the claim (|2.10j) . just take g = Vu and -/(•/«) = X7(e m ® R h s,a ) in this Lemma. 

So on one hand, info, ||u — e mSR h s,a \\ 2 ^ 1 approaches Sum + o" 2 as s —* and s — ► oo. On 
the other hand, (j2.7j) shows that if 5 (and hence S\) is sufficiently small, then for some s 
and a, \\u — e mSR h s,a \\ 2 ^ 1 < Sum. Thus to minimize 

F(s,a) := \\u-e meR h s > a \\ 2 kl , 

over s G (0, oo), a G S , it suffices to consider s in a compact subset of (0, oo). Since F(s, a) 
is continuous, there must exist s(u) G (0, oo) and a(u) G S 1 such that 

dist (U, O m ) = \\U- e ^R h s(u),a(u) ||^ _ 

Step 4: uniqueness of s(u) and a(u). Denote a = (s,a). Suppose there exist <7i,<72 
with o"i 7^ o"2 such that 



S := dist (u, O m ) = ||u - e mm h ai ||^ = [|u - e mW V 2 1 



if 1 - 



Let be half the distance between e mdR h ai &nde mdR h a2 : fj, := (l/2)\\e m9R h ai -e m9R h a2 \\j I1 . 
It follows that (j, < 5 . Now set tp(t) = e m6R h a ^ with a(t) = \{(<ji + a 2 ) + t(a 2 - <7i)], so 
that <p(-l) = e meR h ai and y>(l) = e meR h a2 . Set <p := \[<p{-l) + tp(l)]. Lemma EH (stated 
and proved in Section EJ then yields 

\\<p - <p(o)\\hi <<V. 

This estimate amounts to a bound on the curvature of the family O m . 
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Now V[u - if) is L 2 -orthogonal to V[e m6R (h ai - h a2 )], since \\u - < 
e m " R h (T2 \\jj 1 . By the Pythagorean theorem, 



m6Rt,ai II 



u 



\u — ip\ 



H 1 



and so 



\u - < W u - £Hhi + ll£ - v(0)IIhi < (<5g - /^ 2 ) 1/2 + <V 



<5o 



+ <V. 



By (|2.7|) . we can ensure <5o < 1/(2C) by choosing 5 sufficiently small. This, in turn, implies 
||u — ^(0)11^1 < <5o, which contradicts the assumption that 5q is the minimal distance. This 
establishes uniqueness of s(u) and a(u). 

Step 5: continuity of s{u) and a(u). We could invoke the implicit function theorem, 
but we prefer to give a simple direct proof of continuity. Suppose Uj — > it in H 1 with 
£.(uj) < Anm + 5 2 and £(u) < Airm + 5 2 . We have 



dist(^,O m ) < lluj-e^^'^ll^a < 



and 



\\uj — u\\ jj% + dist (u, 0„ 
Uj — u\\jji + dist (uj, r 



dist (u, m ) < ||u - e^h'tete^Wfr. < 
and so dist (uj, m ) — ► dist(u*,O m ). Since 

|| e r n flfl^«(« i ),a(« J ) _ ^W.aWjn^ < dist ( nj ,0 m ) + dist («, m ) + ||^ 

{s(uj)} is contained in a compact subinterval of (0, oo) by Lemma 14.51 and so, up to 
subsequence, s(uj) — > s* and a(uj) — > a*, for some s* and a*. Along this subsequence 



= dist (u, m ) = lim dist (it,-, r 

j^oo 



lim 

j->oo 



By the uniqueness we have already proved, s* = s(u) and a* = a(it). We conclude that 
s(uj) — ► s(u), and a(«j) — > a(u) (for the full sequence). Continuity is proved. This 
completes the proof of part (a) of Theorem 12. II 

Step 6: the "linearized operator". We now proceed to the proof of part (b) of 
Theorem 12.11 The main idea is this: the "global" result of Lemma 12.21 allows us now to 
work "locally" - i.e. nearby a harmonic map. Indeed to prove (b), we study the second 
variation of the energy functional around the nearby harmonic map. We begin by discussing 
this "linearized operator". 
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Given an m-equivariant map u G S m with £(u) — 47rm < 5 2 , we fix s = s(u) and 
a = a{u) and write u = e meR v{r) with 

u(r) = e aR (h(r/s) + £(r/s)). (2.11) 

This defines £ = £(r) = e~ aR v{sr) — h(r) (note that the variable r here is no longer the 
original polar coordinate). Using h r — ^J h Rh = 0, expand 

If 1 f m 

£(u) = - / |Vn| 2 (ix = 47rm + - / |u r J'"Rv\ 2 dx 

2 7 2 y R2 r 

= 4vrm+i / |L£ + -&£| 2 <fc: (2.12) 
where L£ is the linear part, 



in 



L£:=£ r + -{&h + h 3 Z). (2.13) 



r 

In fact, the operator L maps tangent vector fields (i.e. vector functions rj(r) tangent to § 2 
at h(r)), into tangent vector fields. To see this explicitly, we specify an orthonormal basis 
ofT^S 2 : 

/ \ 

and J h e 





Then for any map £ : [0, oo) — ► R , we have an orthogonal decomposition 

£(r) = Zl (r)e + z 2 (r)J h e + j(r)h, (2.14) 

which defines a complex- valued function z(r) := z\(r) + iz2(r). Note that 

m , u . m l m m - 
Le = — /i 3 e, L(J n e) = —h 3 Je, Lh = —h 3 h H fc. 

i^* i^* 

Hence the operator L restricted to T^S 2 is equivalent to 

L := <9 r + —h 3 = hid r ^-, 
r hi 

in the sense that 

L( Zl e + z 2 J h e) = (L zx)e + (L z 2 )J h e. 

Roughly speaking, our strategy for proving part (b) of Theorem 12.11 is to show that 
dist (u, O m ) is controlled by z, which is controlled by Lqz, which in turn is controlled by 
£(u) — 4-7rm. 

Define for radial complex-valued functions f(r) and g(r) the following inner-product: 
(f,g)x ■= / Ur(r)g r (r) + -^2f(r)g(r)J rdr. 
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If we set f(y) := f(e y / m ) and g(y) := g(e y / m ), we have 

(f,g) x =ml (f'cf +Jg)dy = m(f,g) H i m . (2.15) 
jr 

Lemma 2.5 There are e, C > such that if f : [0, oo) — > C satisfies 

\{f,hi)x\ <4f\\x (2.16) 

/•oo 2 /-oo 

= / (l/rl 2 + ^\f\ 2 )rdr < C / |L /| 2 rdr. (2.17) 
JO r JO 



Proof. We may assume f(r) is real-valued. Under our change of variables f(y) := f(e y / m ) 
we have 



and 

r-oo 



/ (f 2 + ^f 2 )rdr = m f((f') 2 + f 2 )dy 
Jo r Jr 

f'OO f' 

/ [L f] 2 rdr = m [L f] 2 dy 
JO JR 



where 

~ d d 1 

L Q := — + tanhy = sech (y)- — . 

ay ay secny 

In the variable y, the assumption of the lemma becomes 

(/, sechy) H i (R) = / (/'(sechy)' + fsechy)dy < -^=\\f\\ H i {R) , (2.18) 

JR V m 

and so it suffices to prove that (|2. 18f) implies 

\\f\\ 2 m(R) < C\\Lof\\h(R) = C(f,L* L f) LHR) . (2.19) 
The second-order differential operator 



H := Z*L = + 1 - 2sech 2 (y) 

is nonnegative with unique zero-eigenfunction ("ground state") sech (y) (in fact, this oper- 
ator is well-studied; see e.g. ^H]). Set 4> := (l/y/2) sechy, so that || 0|| x, 2 (M) = 1- Write 

f = acfi + (p with ((f), ip) = 0. 

Similarly, decompose 

-<f>)+if> with (((/)" - 0), V?) = 0. 
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Since 4>" ~ 4> — -v^sech 3 ?/, ip is non-zero, b = HI^ 2 |li 2 (R)/( 2 ll^ 3 lli 2 (R))' and \\ip\\ L 2 < !• 
Now by dUHD , 

\a\ = \{<f>,f)\ < \(b{cp" - 4>)J)\ + \(ipJ)\ 

}) H A + \^J)\<Ce\\f\\ H i m + \^J)\. 



Using the above estimate and (A + B) 2 < q'A 2 + qB 2 where q' is the Holder conjugate of q 
with 1 < q < oo, we have 

(/,/) = \a\ 2 + M 2 L2 < {Ce\\f\\ Hm + |(V,/)|) 2 + Mh 

<Cq'e 2 \\f\\ 2 Hl{m +q\(i;,f)\ 2 + y\\h 
<Cq'e 2 \\fY HHR) +q\mUnh + M 2 L 2. 

Choose q to be such that Q'UV'II^ < 1 to obtain 

||/||| 2 <C' £ 2 ||/||l fl(K) + C(/, J ff/}, 

where we used |M| 2 2 < C{ip,Hip) = C(f,Hf). On the other hand, we have 

(/',/') <(f,Hf) + C\\f~\\l 2 . 
Combining the two estimates above, we get 



2 Hm <C(f,Hf) = C J[L f} 2 dy, 



provided e is sufficiently small. Transforming back to the variable r, we obtain the estimate 
Q2.17JI . completing the proof. □ 

Step 7: almost orthogonality. To apply the previous lemma to z(r), we need to 
verify condition (|2.1(ij) . for which we use the following lemma. 

Lemma 2.6 For z(r) and 7(7*) defined by (|2.11|) and l|2.14|) . 

f°° m 2 

{zi,h 1 ) x = (zirhir + —^-zxhx)rdr = 0, (2.20) 
J r 

roc m 2 roc ^ m 2 

(Z2,hi)x = / (z-zrhr + —z 2 hi)rdr = / —^-h\h^rdr. (2.21) 
Jo r Jo r 

Proof. The pair (a(u), s(u)) is the minimizer of the differentiable function 

F(s, a) = [ V (e mm (v - h a > 3 )) 2 dx. 
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The lemma follows from the equations V QiS i ? (a(«), s(u)) = 0. 

Step 8: proof of (b). We will use the following abbreviation: 

ze := z\e + Z2J h e; z = z\ + izi- 
By (j2,7|) . we may choose 5 sufficiently small so that 

for any given 5q > (which will be specified later). So we have 



□ 



116 



r\\L 2 



+ 



m 



u — e 



n H/ji < °o 



(2.22) 



It is proved in Lemma 14 . 71 that ()2.22|) implies the L°° smallness of £(r) for Sq sufficiently 
small: < C5q. This immediately implies 



\Z Woo T 



<C5 . 



Since 1 = \v\ 2 = \z\ 2 + (1 + 7) 2 and \ j\ is small, 



7 =\A-M 2 -1<0, |7(r)| < C\z(r)\ 2 , | 7r (r)| < C\z{r)z r (r)\. 
By Lemma El Eqns. C23HESJ, and \h(r)\ < 1, 



(2.23) 
(2.24) 



\(z,hi)x\ 



4m 



-hihsjrdr 



<C\\z\ 



hi 
r 



< C5 \\z\ 



x 



Taking 5q small enough so that C5q is less than e in Lemma 12.51 we have 

dist 2 (n,O m ) = 2tt [°° ( |£ r | 2 + ^ \R^\ 2 )rdr < C [ 
Jo r Jo 



x M 2 

I l2 \ z \ \ T 



< c 



(2.25) 



Lqz\ rdr. 



On the other hand, by (|2~T2|) . 



5 2 = £(n) -47rm 



m 
r 



dx 



L(ze) + L( 7 h) + -£ 3 £ 
r 



dx. 



Hence 



/ \L z\ 2 dx= [ \L(ze)\ 2 dx < 35 2 + C [ (\L(jh)\ 2 +—^ 2 )dx 
Jr-2 Jr2 Jr2 r 



Using l)2.23j) we have, for 5q sufficiently small, 

2 



/ 

Jr- 



m t t 
r 



dx < C \\z\\ 



dx. 
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For the term ||L(7/i)||^ 2 , using ()2.24[) we find 

/ \Lbh)\*<c[ (hrh\ 2 + A 2 + \^h 3 hf)<C\\z\\l [ \L z\*. 
Jk 2 Jr 2 r r ' J R 2 

Thus we get (1 — C<5q)||Loz||| 2 < 45 2 . Now choose 5$ > sufficiently small (by choosing 5 
small) so that ||Lo^||^2 < 55 2 , and therefore, dist (u, TO ) < C8\. This completes the proof 
of part (b) of Theorem 12.11 

Step 9: proof of (c) By (|2.9|) with s = s[u) and a = a(u), we have L 2 Vu • 
since 5i is small. On the other hand, inequality ([4 .2(1 from Lemma F4.ll 
in Section |1] gives an upper bound: for any a £ (0, 1), 



Vu • V(e me/? /i s ' a )dx < ( 



|Vu 



R 2 x 



-dx) 



2(7 



mORis,a s 



V(e mou h 



2 i 

<ix) 2 



< CllVn 



|1-CT 

II 2 



IvV 7 



L 2 



|xr|V(e meR /i s ' Q )| 



L 2 



< C||V 2 u||^ 2 



Thus we obtain || V 2 u|| L2 , R2 ^ > C/s, completing the proof of Theorem 12.11 



□ 



3 Global well-posedness vs. blow up 

In this section we complete the proof of our main result, Theorem ll.il 

Let u 6 C([0,T); H 2 n S m ) be a solution of the Schrodinger flow equation (|1.1|) which 
conserves energy. We are assuming 

S 2 := £(u ) - 4vrm = £(«(*)) - 4vrm < <5 2 

where 5 is to be taken sufficiently small. In particular, we choose 5 small enough so that 
Theorem 12.11 applies for each t € [0,T), and so furnishes us with continuous functions 
s(t) G (0,oo) and a{t) £ R such that 

\\u{x,t) - e^ m6+a ^ R h(r/s(t))\\ til < C5 1 (3.1) 

and 

s(t)\\u(t)\\ ti2 >C>0. 
Thus the first part of Theorem II .11 is proved. It remains to show that 

T < oo and lim ||^(i)||r> 2 = oo ==>■ liminf s(t) = 0. (3-2) 
t^T- t-i-T- 

Recall that we are writing 

u(x, t) = e mm v{r), v(r) = e a ^ R [h{r/s(t)) + £(r/«(t))], 
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and (|3.1|) is equivalent to 



\c- 



mOR 



H{r)\\% = \\Ur)\\h + ™ 2 



<csi 

L 2 



To prove (j3.2|) . we need estimates showing that ||w(t)||^-2 is controlled as long as s(t) 
is bounded away from zero. These i? 2 -estimates are obtained using the fact that the co- 
ordinates of the tangent vector field v r — ^J v Rv, with respect to a certain orthonormal 
frame, satisfy a nonlinear Schrodinger- type equation, and can be estimated using Strichartz 
estimates. 

This construction, which was introduced in [3], begins with a unit tangent vector field, 
e(r) E T„( r )§ 2 , satisfying the parallel transport condition 

D v r e = 0. 

Recall that is the covariant derivative, acting on vector fields r/(r) E T„( r )§ 2 : 

D V r T} := P V 7] r = 7] r — (v ■ T] r )v = 7] r + (v r ■ T])v. 

So e(r) and J v e(r) form an orthonormal frame on T V S 2 . Then q(r) = q\[r) + iq2(r) is 
defined to be the coordinates of v r — ^J v Rv E T„§ 2 in this basis: 

in 

v r J" Rv = qii + q2-J v e. 

r 

We will sometimes write qe := q±e + q2J v e for convenience. Note that by 

\\Q\\h(rdr) = IK ~ ™J" Rv\\h(rdr) = ~( £ ( U ) ~ 4?ml ) = 

is constant in time, and can be taken small. 
Define v = v\ + if2 as follows: 

J v Rv = v x e + u 2 J v e. 

Again, we will sometimes denote ve := v\i. + U2J v e. It is now straightforward, if somewhat 
involved, to show that if u(x, t) solves the Schrodinger map equation (jl.lj) . the complex func- 
tion q(r, t) solves the following nonlinear Schrodinger equation with non-local nonlinearity 
(see [3] for more details): 

(1 - mv 3 ) 2 m(v 3 ) r 
iq t = -A r q-\ -2 <?H q + qN(q), (3.3) 



where 



N(q) = Re [°°(q+ -u){q r + 1 ™ V3 q)dr. 
J r r r 
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By changing variables to q := e^ m+1 ^g, we obtain 

mil + vsjimvs — m — 2) 
iq t + Aq - ( 



mv 3 . 



qN(q) = 0. 



(3.4) 



We will use this equation to obtain H 1 estimates on q. 

For these estimates for q to be useful, we need to bound the original map u(x, t) - or 
equivalently v(r, t) or £(r, t) or z(r, t) - by q. Since v (r,t) = e aR [h(r/s)+£(r/s,t)}, we have 



(3.5) 



s r \s 

where, recall, 

Li = £ r + — (£ 3 /i + /i 3 £), and £ = Z\e + z 2 J h e + 7/1. 
r 

Since £ is small, we have, very roughly speaking, 

£ « ze, and L£ (Lo-z)e, 

and 2 can be controlled by Lqz. More precisely, Lemma l4,8| proved in the next section, 
gives the following bounds: for 2 < p < 00, and provided 5 is sufficiently small, 



■"r \\Lp 



+ 



LP 



<c(s l - 2 'v |MU R2) + |M| i2 



z rr||_L2( R 2) < C(s \\q r \\u2(M?) + s 



I if 2 



< ^(- + lkr|| L 2 
S 



L 2 



L 2 



(3.6) 



+ s IMli-w) + lklli 2 (K 2 ) ), (3-7) 



+ 



2 ) + ~ \\<i\\l 2 (r 2 ) )• ( 3 - 8 ) 



We will use the following notation to denote space-time Lebesgue norms: for an interval 
/CM, 

U/IIW»xJ) fXL lfiX ' t)lPdX y PdL 

We use H3.6f) - (|3.7|) together with Strichartz estimates and Equation (|3,4|) to prove the 
following estimates for q: 

Lemma 3.1 For r > and a > 0, set I : = (r, r + a), Q := M 2 x I, and X(Q) := 
LfL^(Q)nL1°L 2 ,(Q)nL^ 3 L^.(Q). Define s:= inf 4g j s(t). If 5 is sufficiently small, we have 



W\X(Q) 



< c 



+ (s a* + 



LiLf(Q)) U\\l*LHQ)J > 



(3.9) 



x( Q ) < C(\\Vq{T)\\ L 2 + (s +s §ai + l|Vg|| Lt00 ^ W)nL 4 L 4 W) ). (3.10) 
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Before proving Lemma 13.11 we show how it completes the proof of our main theorem. 
Completion of the proof of Theorem 11.11 We need to prove ()3.2j) . so suppose that 

lim \\u 



H 2 



oc 



and 



liminf s(t) = sq > 0. 
t-»T- 



(3.11) 
(3.12) 



Our goal is to derive a contradiction. By (|3. 12|) . we have s(t) > s* for all < t < T, 
for some s* > 0. So we may take s = s* in the estimates (|3.9fl3.1()|) for any time interval 
I C [0, T). If a is sufficiently small depending on s* [a x l 2 < s*/2C), and H^oIIl 2 ^ C5\ is 
taken sufficiently small, estimate (|3.9p implies 

\\q\\x(Q) < Ca- 
using this estimate in (|3,1U|) . for 6% and a sufficiently small we obtain 

l|Vg|U~ £ 2 (Q) <c||v g >)|| z2 . 

In particular, taking r close to T, we see 

lim sup || V(?(i) || Z 2 < oo. 



t^T- 



Then using Q3.8)) . and \q r \ + |g/r| < C|Vg|, we find limsup^ T - 1 1 it (t)|| #2 < oo, contradict- 
ing (|3.11|) . This completes the proof of Theorem 11.11 □ 

Proof of Lemma I3.lt Strichartz estimates for the inhomogeneous Schrodinger equation 
(see eg. pQ), applied to (|3.4|) . give 



where 



h\\x{Q) < C(\\q(T)\\ L 2 + ||il L 4/3 4 /3 (Q) ) 

m(l + v 3 )(mv 3 — m — 2) _ m{v^) 



(3.13) 



+ 



q + qN(q). 



v r 

Conservation of the L 2 -norm of q(t) (equivalent to conservation of energy £(it)) means 
we can replace || ^(t) || x, 2 by ||(?oIIl 2 i n <|3. 13|) . Using v 3 (r) = h%{r/s) + £s(r/s) and £3 = 
•22^-1 + 7^3) we find 



1 + ^3 


1 


1 + h 3 + z 2 hi + 7/13 






L%~ S 




LI 



< 



c 



l + h 3 



+ 



Li 



z 2 hi 



+ 



Li 



Li, 



< 7 d+ 



z 




z 




+ 




r 


Ll 


r 



Li 



<C( S - 1 (l+||g|| i 2 + |k||i2) + |k||l4). 



(3.14) 
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Using Q3.14j) and the uniform boundedness of II^H^a, we get 

1+^3- 



m(l + V3)(mv3 — m — 2) _ 
~3 1 



r 4/3 T 4/3 



< c 



r 4/3, 4/3 



< c 



1 + 



m\iA 



r 4/3 



< C(s <J 2 + ||g|| L 4 L 4) |kl| L 4 L 4 



Next we estimate [|(wi(v3) r /r)g|| ,4/3,4/3. Compute 



~(«3)r = — 

r sr 



h «1 (22 )r 1" 7r«3 H 



{Remark: the notation means evaluate the quantity in the square brackets with r replaved 
by r/s. We use this notation frequently in what follows.) Therefore, using boundedness of 
z, /13, and hi/r, and 7 = 0(|z| 2 ), j r = 0(\zz r \), we have 



(«a)r 



L 2 S 



L 2 



L 2 



(3.15) 



So 



m(v 3 ) r 


< C 




V3,r 




q 




? ,4 


r 


r 4/3,4/3 




r 



r 4/3 



< C(l + |MI L 2 )s era ||qf|| L 4 M. 



Next we need to estimate the nonlocal term 

iV ( 9 ) = Re / (g + g r + 6 -q)dr 

.L r r 



+ Re 



1 — m«3 2 mi/ mv(l — mv^) \ 
\q\ H <?rH 5 gjdr 

ry* ry* ly* £ ' 



First note 



-^±- + (R 1 + R 2 + R 3 ). 



,4/3,4/3 



Ul 3 

\l\\LiLf 



Now consider qR%. Using the estimate 

\\f{r)\\ L ,<C\\rf r {r)\\ L , 
(Hardy's inequality in R for radial functions), we have 

\\qRl\\ 4 4 < ||g||£4i4||i2l|| L a£2 < C \\q\\% L 4 ■ 

T o T o i X 
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Next we note that \v\ = \ J v Rv\ = yjl — v§ = \Rv\. We consider next qR%- By Hardy again, 

mv(l — mv^) 



< c 



-qdr 



4 



< c 



v 

-q 

r 



L- 



< c 



L 4 



kill 4 



1-vt 



L2 



MIl 4 



< c 



1 + ^3 



(3.16) 



L- 



Mll* < c{s 2 + ||g|| L4 ) lklli 4 



where we used (|3.14p again. Thus 



\m\\ 



4 4 < C 



2 + IkIL*) IklLi 



4<C(s + ||g|| L 4 L 4)||g|| L 4 L 4. (3.17) 



It remains to estimate gi?2- We rewrite R2, using integration by parts: 



m 



R2 = —Re — vq — Re 



m _ 

-Re — vq + Re 

r 



m _ m 

V r ~ 



v qdr 



( mv3 _ mil + mvs) 
I q-\ = / 



\ r 



v I qdr, 



where we used v r = —v^q — {m/r)v^v. So 



\qR2W 4 4 

,L X 



The last term is estimated as follows: 





V 

q-q 


4 4 + 


q [ -^—dr 


4 4 


q / — qdr 


4 4 1 




r 




Jr r 




J r ' 







4 ,<C 




V 

-Q 


Ml 4 


4 <C 




V 


II II 2 








r 






r 



4 



< c 



( s 2 + IMIl«)WL 



4 



(3.18) 



<C(S 5 CT 4 +|k|| L 4 L 4)|k|||4 L 4, 



where we used the same computations as in (|3.16|) and (|3.17|) . The first term can be treated 

in a similar manner, leading to the same estimate as in (|3.18|) . The estimate for the second 

term has been done already. 

Returning now to (|3.13|) . and using the above estimates, we have establishesed (|3,9j) . 
Next we need to estimate the derivative of q in order to establish (|3,10[) . Denote w := 

d Xi q for i = 1,2. Then w solves 



mil + vzjimvz — m — 2) / mil + v^)(mv^ — m — 2) 
iwt + Aw = k w + 



m ( v s)r w ( m(v 3 ) r 



(3.19) 



q + N{q)w + N{q) Xi q. 
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Using the previous estimates, we can estimate the various terms involving w in the right 
hand side: 



m(l + v 3 )(mv 3 — m — 2) 



-w 



< C 



t 4/3 . 4/3 



\Lt, 



w 



Li 



r.4/3 



<C(s- l ^ + \\q\\l tL4 J\\Vq\\ 



LfLi 



m{v 3 ) 7 



-w 



< C 



r 4/3 . 4/3 



S 1 ||w|| L 4 



4/3 



ll^W^II^/s^/a < C(s 5cj4 + \\q\\ LfLi ) \q\jAjjL ||Vg|| L 4 L 4 



|2 „, \z\2 , |^/„|2 



Now the other terms. First note that \Vq\ ~ |g| + |g/r| , and thus ||g/r| 
C||V<?IIlp(r 2 ) f° r an y 1 < p < 00. Due to 1)3. 14|) and (|3.15j) . we have 



< 



(1 + v 3 )(mv 3 — m — 2) 



< C 



.4/3.4/3 



("3)r 



. 4/3 .4/3 



+ 



(1 + W3)~ 









< c 



< c 



(y 3 ) r 


+ 


1 + ^3 




i 












r 


L% 






r 


Li 



4 



{s- l + \\q\\ 2 Li )\\Vq\\ 



Li 



4 



< C(S-V2 + ||g||^ L 4) ||Vg1 L 4 L 4 . 



Next we consider 

'm(v 3 ) r 



< C 



T 4/3 .4/3 



(«3)r 



4 4 



+ 



Mr 



.4/3.4/3 



The first term in the right side can be estimated as before: 

\\((v,)r/r 2 )q\\ LrLT < Cs- l a^\\Vq\\ LtLt . 

Recalling {hi) r = — (m/r)hih 3 , (h 3 ) r = (m/r)h1, and hi/r, h 3 bounded, we find 



\(v 3 ) rr \ < 



m 



hi 



+ (hlZ2,r 



m 



h\h 3 z 2 



+ (lrh 3 )r + m 



C 



r r' 
We estimate term by term: 



h\ Mz 2 ,h 1 {z 2 ) r , . . 1 , 1 ,2 

K Jr\ + I oH + I I + \h\Z rr \ + \ZZ rr \ + \Z r \ 



(r/s). 



(r/s) 



1 



/r 

r J „\s 



< C 



.4/3.4/3 



r 4/3. 4/3 



LfLi 
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r 

sJ ) r 



r 4/3 r 4/3 



< c 



< Cs-Vi ||Vg|| if M 



+ * 



Lf. 



4 

L? 



1 'wo)? 



r 4/3 r 4/3 



< c 



X || II 2 



Li 



4 < Cdkllif^+s- V/ 2 ) ||Vg[| 



For the remaining term, using (|3.7|) . 



[(|/ii| + \z\)z r 



r\\ q 



s/ / r 



L 4/3 L 4/3 < C 

< c 



rr || x 2 



(M + N)(~)- 



Li 



Lf. 



c 



(M + M)© r 
(Nli 4 + «- 1 Nli a )||(l^il + N)0; 



4 

L? 



4 

L? 



Lf. 



4 



<C(||g|| 2 8 +s-W)||Vg||,-^ 
+ C(\\q\\% Li +s~ 1 ^)\\Vq\\ LfLi 



where we used, first by (|3.6|) with p = 8, 

(M + M)(r/s) 



(|/»i| + |z|)(r/ S )- 



Lf 



< c 



L?. 



klU<^lkfe + c'^ 3/2 (i + lkllL), 



and then ||(|/ii| + M)(r/a)2|L 4 <C\\q/r\\ Li . 

ii x 

It remains to estimate N(q) Xi q: 



\\N(q) Xi q\\ L ±/s L */s < C 

t x 



< C 

< C 



(M 2 + |-<zl)(krl + lrl) 



r 4/3 T 4/3 



{\l? + \-q\) r2 + 

r L 2 r 



+ ;|[ 4 )IIWIL| 



Lf 



4 

L? 



< Cfe-Vs + \\q\\U Li ) \\Vq\\ 



Lf Lf 



Now applying Strichartz estimates to (|3.19() . and using the estimates established above, we 
obtain 

\\Vq\\ L?:fnLfLt < \\Vq(r)\\ Ll + C^ 1 + s~ 2 )a^ + \\q\\ 2 x{Q) ) \\ Vq\\ L ^ nL 4 Li ■ 
This completes the proof of Lemma 13. II □ 



4 Technical lemmas 

In this section we collect some of the technical lemmas used in the proof of the main theorem 
in the previous sections. 
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4.1 Some inequalities for radial functions 

We begin with some inequalities for radial functions. 

Lemma 4.1 1. Let < a < 1, and suppose f 6 i^QR 2 ) is radial. Then 

roc fl / /"00 \ 1— c 



/•oo J^2 / roc \ i— (T / /-oo \ o 

J ^rdr<C a U frdrj (J \f r \ 2 rdrj . (4.1) 



linio-^i- C CT = oo and i/ie estimate is false if a = 1. 
J?. LetO <a <1, and suppose f £ H 1 ^ 2 ). Then 

c2 / r \ 1_CT 



/ -I—dx<cJ[ \f\ 2 dx) ([ \Vf\ 2 dx) . (4.2) 



3. Suppose f e H^ C (M. 2 ) is radial with f r ,f/r G L 2 (M 2 ). T/iera 



oo r2 

L oo (R2) <C( / (|/ r | 2 + ^)rdr). (4.3) 



o 



Proof. We first show that 



i . i 



f ^dr < (jH ^rdr) 2 (jf°°(/ P (r)) 2 rdr) 2 . (4.4) 

Indeed, by changing the order of integration, we get 

foo f2(„\ roc roc 



roc fZ( r \ roc roc roc rs 

l W rdr = -J r^l [f 2 ( s )]sdsdr = -2j o f(s)f s (s)ds ^ -^dv 
1 r°° 

2 - 2a f{s)f s {s)ds 



1-a 



1 . 1 



^ (7°° « 2 ~ 4<T / 2 («)^ s j 2 (7 (/ s (^)) 2 ^ s j 2 . 

In particular, if a = 1/2, Q4.4JI immediately implies l|4.1|) . We note also that the estimate 
(|4.1jl is immediate in the case a = 0. Let crj = 1 — (1/2*) where i > is an integer. From 
the estimate (j4.4|) with a = we have 

f < 2™ (^°° f -^±rdr) * (J" \f r {r)frdr) \ i = 0, 1, 2, ... . 

Iterating this estimate, we obtain 

/ ^2k^ rdr ^ C n+i[J Q f 2 (r)rdrj U (f r (r)) 2 rdrj , (4.5) 
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for some constant C n+ \. (One can solve C n+ \ = 2 ra+1 y / C^ and Co = 1 to get C n+ \ = 
2 2n+2 , which is certainly not the best constant.) It remains to consider the general case 
o~ € [0, 1). Let k > be an integer with o\~ < a < o~k+i- There exists < 9 < 1 such that 
a = 6a k+ i + (1 - 0)a k = 1 - (2 - 9)/2 k+1 . Using the Holder inequality and (|I3|) . we get 

1-0 



—^-rdr < 



-rdr 



f 2 (r)rdr 

o 



oo ^2 



OO \ 1 — 

2, 



r 2(T fc 

oo 



rdr 



(f') 2 (r)rdr 



o 



where C a = C® +1 Cl~ e . This completes the proof of the first estimate (|4.1|) . 

To see that this estimate fails at the endpoint a = 1, fix a smooth, non- negative, non- 
decreasing function rj(r), supported in (1/2, oo), and with 1 — r/(r) supported in [0,3/2). 
Then it easy to check that f${r) := n(r/5) — Tj{r) provides a counterexample to the endpoint 
estimate as 5 — > 0. Note that fs(0) = for all 5. 

The second estimate (j4.2|) is an immediate consequence of (|4.1|l . Using polar coordinates, 
we obtain 



2tt poo 



r '2(T 



rdrdO < C a 



2- 



|/(r, 9)\ 2 rdr 



l-CT , 



|a r /(r,0)| 2 rdr) <J d0. 



Using |<9 r /| 2 < |V/| 2 , we obtain estimate (|4.2|) from Holder's inequality. 

For the third estimate (]4.3[) . we introduce the new variable y defined by r = e s and 
denote <?(y) = /(e y ) = /(r). Then it is immediate that 



(\f r (r)\ 2 + ^J.)rdr 



(\g'(y)\ 2 + \g(y)\ 2 )dy. 



By Sobolev embedding, we have ||<7||z,°°(r) < CllsllififR)- Transforming back to the original 
variable completes our proof. rj 



Lemma 4.2 Let g : R 2 — > C 6e radial and bounded with g,g' £ £f oc > 2 < p < oo. Assume 
(d r ~ f)g(r) g ^ p (^ 2 ) /or some m > 1. TTien g(r)/r G L P (M 2 ) and 



< C 



LP 



Mr) 



LP 



Proof. Let < r\ < r^ < oo and denote A = {x £ M 2 : r\ < |x| < r-i\. Consider 



I :-- 



On one hand, / < CHg/rH^ 1 ^ \\g r — ™g\\i,p(A) by Holder inequality. On the other hand, 



-2vrRe 



\g r -™g)\ 9 -r^rd, 

ry ty ry 



v 2tt \g(r)\P , r2 p 

lp(A) p r' p ~ 2 ' ri 



P 



p 

LP (A) 



> (m 



P 



p _2vr| 5 (r 2 )|P 
lp {A) 



P r\- 2 
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Thus 



(m - 1 + -) 
P 



P < 27r |g(r 2 )|P | 
lp (A) ~ p r f" 2 



g 


p-i 


m 






g r g 


r 


Lp{A) 


r 



LP (A) 



This gives a bound for Hs^O/MIl^a) uniformly in r\,ri. Hence g{r)/r £ D>(R 2 ). As 
T2 — > oo and — > 0, we get 



(m - 1 + -) 
P 



< 



p-i 

LP 



m 

gr g 

r 



LP 



where we used p > 2 and the boundedness of g. This completes the proof. 



□ 



Remark 4.3 It is essential to assume g is bounded, as can be seen by the example g{r) 
r m . If we assume in the above Lemma that g(r) = o(l) as r — > oo, then we also have 



g(r) 



L^ 



1 

< — 

m 



(p r - —)g(r) 
r 



L 2 



Using Lemma 14.21 we prove an L p -version of Lemma 12.51 

Lemma 4.4 Let 2 < p < oo. There exists e > such that if f(r) is a radial function 
satisfying \(f,hi)x\ < e||/||x, then 



I r 1 1 lp 



+ 



LP 



< C( I|-^0/||lp(R2) + ||Lo/|| L 2( R 2) )• 



Recall Lof := f r + fh 3 f. 

Proof. We note first that it suffices to prove ||//r||i> < C(||Lo/||lp + II-^o/IIl 2 )) since 



\\fr\\ LP <C( 



fr + ~h 3 f 

r 



LP 



m 



h 3 f 



LP 



)<C(\\L f\\ LP + 



LP 



Let (f : [0, oo) -^ibea standard cut-off function with 

< (p < 1, ip(r) = 1 for r < 1, and f(r) = for r > 2. 

f°° \L\P r dr < C( \ — \ p rdr + f°° \ ™ - ^ \ p rdr) = C(I + II). 
Jo r Jo r Jo r 

We consider the second term iY. Since 1 — = if r < 1, we have 



II 



poo 


/(I - <P) 


Jo 


r 



< C ll/ll Lo o 2 ( K 2) 



rdr < 

2 



p-2 

L°° 



poo 


I 


Jo 


r 



(1 — ip)rdr 



<c\\f\\ p -J 



\Lof\\ 



L 2 (R 2 ) ' 
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where we used Lemma 12.51 Next we consider the term /. Using Lemma 14.21 we have 



< c 



LP 



TT) P 

(J<p)r--f<p <c(y r f\\ p LP + 

r lp 



\fr + f)tp 

r 



+ 



LP 



r lp 



Since <p r is supported only on (1, 2), and (1 + h 3 )/r is bounded, we have 



f<P 



<C(\\f\\ p Lx + \\L f\\ p LP ). 



LP 



Since, by Lemma 12*31 ||/||l°° < C||-^o/||l 2 ! we obtain 

\\f/r\\ p LP <C(\\L f\\ p LP + \\L f\\ P L2 ), 

completing the proof. 



□ 



4.2 Some harmonic map estimates 

Here we prove some facts about the family m of m-equivariant harmonic maps. 

The first lemma shows that if m-equivariant harmonic maps h = h 0,1 and h a,s are close 
in the sense of energy, then a and s are also close to and 1, respectively. 

Lemma 4.5 Let < s < oo and —tt < a < tt. There exists e > and C > such that if 
J»2 I v (e mdR (h - h s > a )) | 2 dx < 5 2 for any 5 < e, then \a\ + \s - 1\ < CS. 

Proof. Consider the case, s > 1 (the case s < 1 can be treated in the same way). We first 
note that 

(h\(r) — h\{r/s) cos a 
—h\{r/s) sina 
h 3 (r) - h 3 (r/s) 

Our assumption is 

r 2 f°° rn 2 

/ V(e meR (h-h s > a )) dx = 2ir (\d r (h-h s > a )\ 2 + 4 r \R(h-h s ' a )\ 2 )rdr<5 2 . 
Jr2 Jo r 

For < r < 1, we have (s 2m — 1)(1 — r 2m ) > which, rearranged, yields 



hx{r/s) < 



2s r 



s 2m + l 



hi(r)<hi{r), < r < 1. 



Using this inequality, we find 

5 2 > 



V(e m6R (h-h s ' a )) dx>2ir \d r (h 3 (r) - h 3 {-))\ 2 rdr 

Jo s 



2vr 



1 2 



2 (hi(r) - - 2 h 2 ( r -)frdr > 2vr f ^(h 2 (r) - h 2 ( r -)frdr 
o r z s z s Jo r s 



> 2irm- 



(s 



2m 



1 



,4 fl 



(s 2m + 1 



hf(r) 



„2m 



|4 / ^,2 
r 



rdr = C 



(s 2m + l) 4 ' 
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It follows that \s — 1| < C5 1 / 2 if 5 is sufficiently small. Now g(s) := \\d r (h 3 (r) — h 3 (r / s))\\ 2 L2 
is a smooth function of s with g(l) = g'(l) = and g"(l) > 0, and so by Taylor's theorem, 
we have g(s) > C(s — l) 2 for some C > 0, and for \s — 1| < C5 1 / 2 , 5 sufficiently small. Thus 
| s — 1 1 < C5, as required. 

Next consider the second component of h — h s,a : 

r°° r 2 

5 2 > 27rsin 2 (a) / drhU-) rdr>Csm 2 (a) 
Jo s 

and so | sin(a)| < C5 for sufficiently small 5. Finally, use 

(1 - cos(a))hi(r) = (h- /i s '")i + cos(a)(/ii(r/s) - h^r)) 

together with the previous results to arrive at 1 — cos(q) < CS, from which (for a £ [— ir, tt)) 
\a\ < C5 follows. rj 

The next lemma is a bound on the curvature of the family m of m-equivariant harmonic 
maps. 

Lemma 4.6 There are e > and C > such that if 

\\e m0R (h sl ' ai (r) - h s ^(r))\\ til < e 
then setting s := ^[s\ + S2], a := \[a\ + o^L and h := ^[h Sl ' ai + h S2 ' a2 ], we have 

* m9R (h(r) - /i*' a (r))||#i < C\\e m9R (h s ^ ai (r) - h S2 > a2 {r))\\\ r . (4-6) 



Proof. By rotating and rescaling, we may assume (s\,ai) = (1,0). If e is sufficiently small, 
Lemma gives (taking Q2 £ [— n, 7r)) 

1*2 - 1| + l«2| < CWe^ih 1 ' ^) - h S2 ' a2 (r))\\ 6l < Ce. (4.7) 

Now set s(t) := s + (t/2)(s 2 - 1), a(t) :=a+ (t/2)a a , and <£(t) := fr s (*)> a (*). Then 

h - h^ = \[<t>{-i) - m + 0(1) - 0(0)] = l\J <p\t)dt - J <t>\t)dt\ 

= \ fW{t) - <f>'(-t)]dt = \ f f <t>"{r)dr. 

J •/ •/ — t 

Using (|4.7|) . we have 

||e me V(r)||^ < C[( S2 - l) 2 + a 2 } < C\\e mm (h lfi (r) - h S2 > a2 (r))\\% 
and (|4.6|) follows. rj 
Our next lemma gives L°° smallness for i7 1 -small perturbations of harmonic maps. 
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Lemma 4.7 For u S S m , set s = s{u), a = a(u), and write 

u(r, 9) = e mdR v{r), v{r) = e aR [h(r/s) + f (r/s)]. 
There exists e > and C > swc/t i/iai if So < e and 



r\\L 2 



+ 



m 



-B4 



u-e h ' \\ A1 < 5 , 



L 2 



(4.8) 



then 



Proof. Without loss of generality, we may assume s = 1 and a = 0. It follows immediately 
from (|4,8|) and Lemma |4. II that 

H&lloo < C(Jo, » = 1,2. 
For £3, we have, as yet, only [|(^3)r[|ia < So, and so our aim is to show that ||^3|| ioc < CSo- 



Under our change of variable, £(y) := £(mlog(r)), it suffices to prove that 



< CS { 



0, 



since 



6 



< c 



6 



By the continuity and boundary conditions of v{r) (for 



u £ S m ), there must exist yo £ R such that ^(yo) = 0. Note that since h 3 (y) = tanh(y), 
we have 



and in particular 
So for — 1 < y < 1, 



j(y) - tanh 2 (y)| = | J>f ~ %)\ < C(|fi| + |6| 
tanh 2 (y ) < CdlCilU- + ||£ 2 || L ~) < C5 . 



(4.9) 



1*3(2/) - tanh(y)| 



(v' 3 - tanh' (y))dy - tanh(y 



< C(\\v' 3 - tanh' \\ L 2 + dl' 2 ) < CSq 



,1/2 



(4.10) 



and in particular, for So sufficiently small, |€>3 (±1) | > (1/2) tanh(l). Then with the aid 
of Lemma 12.31 for So sufficiently small, we have | ^3 (y ) | > (l/4)tanh(l) for \y\ > 1. Esti- 
mate (|4.9j) then yields 

/ (v 3 (y)-t a nh(y)) 2 dy<CSl 
J\v\>i 

which also gives us sup^^ \vs(y) — tanh(y)| < CSo (Sobolev embedding), and in particular 
1*3(1) — tanh(l)| < CSo- Finally, we get the same result for \y\ < 1 by integrating the 
derivative: 

\v 3 (y) - tanh(y)| < \ f (v' 3 - tanh')dy\ + CS < CS . 

Jy 



This completes the proof. 



□ 
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4.3 Perturbation is bounded by q 

Here we prove estimates used in Section We show that z(r) is controlled by q(r), where, 
recall, 



771 



and 



v r J v Rv = qxe + q 2 J v e; D v r e = 



v (r) = e aR [h(r/s) + £(r/s)], £ = z ie + z 2 J h e + 7/1. 



(4.11) 



Lemma 4.8 Let 2 < p < 00. For 5 sufficiently small, 



6 r\\LP 



+ 



LP 



< C s l ~ 2 ' p 



oWlpcs?) + IMIl 2 



(4.12) 



ZrrWtfCB?) - & \ s 1 1 5r 1 1 z,2 (R 2) + S 



and 



//-(!;-!) < C ( - + 11^11x2(192-, + 



Proof. We will first show the following: 

1 1 *T 1 1 £2(^2) + 

By (HITTJ), we have 



L 2 



L 2 



+ S lkllL4(R2) + IMIl 2 



xll II 2 ■ X ll II 



L 2 



<C\\q\\ L 2 



e- aR s{qe){sr) = (L z)e + (jh) r + —h 3l h + 



2m . 



m 



(4.13) 



(4.14) 



(4.15) 



(4.16) 



Since \\z\\x < CII^o^IIl 2 by l|2.25|) . it suffices to prove that < CH^H^. We first show 

that ||£t-||l2 + ||^/r||x2 < C||z||x- Indeed, since (J h e) r = —{m/r)h\h and h r = (m/r) hi J e, 
we find 
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£ r = z r e — Z2 — hih + jrh H jh\J e. 

r r 

Therefore, since 7 = 0(|z| 2 ) and j r = 0(\z\\z r \), we obtain 



lie. 



r\\L 2 



< Z 



r\\L 2 



+ 



+ z 



z r\\L 2 



+ z 



L 2 



where we used the boundedness of h. By (|2.23|) . we have ||z||z,°° < C5, which can be 
chosen sufficiently small to yield ||£r-IU 2 < C||z||x- In a similar manner, we can show 
||£/ r HL 2 < C|l z / r llL 2 — C|M|x- Combining, we obtain 



UA\l 2 + U/r\\ L 2 <C\\z\\ x . 



(4.17) 
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Now we are ready to prove ||Lo^||i2 < C||q r || i 2 . Using again 7 = 0(|z| 2 ), j r = 0(\z\\z r \), 
and the boundedness of h, we find 

- )+cu\\ LOC i 

r tf' L r 



7/1 r + ^37/i + — 6£ 

r r 



<CNI 



L 2 



<CU\\ L ~{\\z\\ x + 

<CU\\ LX1 \\L z\\ L2 , 
where we used 1)4.17(1 and ||z||l°° < H£||l°°- Thus we have 



L 2 



L 2 



<cui 



IX 



\\L z\\ L2 < \\sq(s-) 



II 2 



+ 



, 2m, , TYh 

{lh)r + —h zl h + 



< 



L 2 



|k|| L2 +C||C|| LOO My 



Since ||£||z,°° < C||£||x < C||z||x < C5 can be taken sufficiently small, the above inequality 
implies 

\\L z\\ L2 <C\\q\\ L2 , (4.18) 
which completes the proof of (|4.15|) . Similarly, for any p with 2 < p < 00, we have 

z 



\\L z\\ LP < C (\\sq(s-)\\ LP + \\z\ 



WW lp 



+ 



LP 



\lp + \\A\loo [\\Lqz\\lp + II L 0^Il2 

where we used Lemma 14.41 Since can be taken sufficiently small, and using (|4.18|) . 

we finally have ||Loz||lp < C(s 1— 2//;P || g|| ^ + II^Hl 2 ), completing the proof of (|4.12|) . 
Next we prove (|4.13j) . We first show 

L(ze) 



\z rr \\ L 2 < C ^||<9 r L(2:e)|| L 2 + 



L 2 



+ I|-M| L 2 



(4.19) 



Indeed, recalling L(ze) = z r e + (m/r)h^ze, we have 



1 m 1 m 

(d r H 1 h^)z r e = (o r H — )z r e H h^z r e 

ly* ly* ly* ly* 

= {o r H — )LL(ze) H ii^z r e 

iy* ly* ly* 



(d r + -)L(ze) - -^tifze + -^r-zih^hxh. 



Set 



^ := e^ze and # := e mW? 7i. 



Since djT] = D^r/ — (djH ■ r])H and (hs) r = (m/r)h\, we have 
e -meR D H D H v = ^ + l )z \ e _ ^ h 2 ze 



1. 



m 



m 



-hnze 



(d r + -){z r e) H z' 2 hih ^-n 3 < 

fyt tyi ry* 

1 rn 1 . m, _ , . m , , , 
(o r H 1 /i 3 )(2: r e) h^Lize) H z 2 h\h, 
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and therefore we obtain 



\DfDf v \ 



L 2 



(d r + -)z r J e — —^-h\ze 



L 2 



(d r H — )L(ze) hsL(ze) irlr&ze H 7rZzh-&h\h H z'nh\h 



L 2 



< c 

< c 



(8 r + -)L(ze 



(\\d r L(ze)\\ 



L 2 + 



+ 

L 2 

L(ze) 



L(ze) 



+ \\z\\ L2 + 



L- 



L 2 

+ \\ l qA\l 2 ) . 



L 2 



where we used |/ii/r| bounded. Since djr] = Dji] — (djH ■ rj)H, we have 

At? = djdjT) = dj (Dfr) - (djH ■ rj)H) = djDfrj - dj {{djH ■ r])H) 

= DfDfff - (djH ■ Dfrj)H - (djdjH ■ rj)H - (djH • d jr] )H - (djH • 

Therefore, we obtain 

\\A V \\ L2 < \\DfDf n \\ L2 + \\(djH ■ Dfr,)H\\ L2 + \\(d,H ■ d oV )H\\ L2 
+ {{(djdjH ■ V )H\\ L2 + \KdjH ■ v)djH\\ L2 



Thus 



< || J DfL»fry|| i . 2 +c(||Vr7|| i2 + 

< \\D?Df V \\ L2 + c(\\z r \\ L 2 + 

\ H2 <C\\A v \\ L2 <c(\\d r L(ze)\\ L2 + 



L 2 



z 




r 





L(ze) 



L 2 



+ \\L z\ 



L 2 



(4.20) 



Let A = (ze) rr — (ze) r /r + m 2 ze/r 2 , B = (ze) rr , and E = (mR(ze) r )/r — mRze/r 2 . Then 
direct calculations show 



(e m6R ze\ 



jmOR ( II 



(e mm ze 



jmOR 



yy 



* A + B + 2-^E), 



(e m0R ze) 



Each of A, B, and E can be expressed in terms of combinations of second derivatives of 
77 = e m8R ze. This implies, in particular, the estimate (|4.19|) . 

It remains to control ||c? r .L(2e)||£2 + ||L(ze)/r|| L2 . Noting that e r = —(v r • e)v, (J v e) r = 
(v r • e)v, so 

(qe)r = q r e - qi(v r ■ e)v + q 2 (v r ■ e)v, 
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and recalling v r (r) = e aR Mh r (r /s) + £ r (r/s)), we have 



\\d r (qe)\\^<C[\\q r \\ L 2 + 

<c(lM| i2 + 



L 2 



+ 



q-z r (-/s) 



L 2 



L 2 



+ \W\\l* + >- 1 \\4h)> 



where we used Q4.12JI . Taking the derivative of Equation (|4.16|) , we get 

\\d r L{ze)\\ L2 <c[s\\q r \\ L2 +s 



L 2 



+ sh\\l, + U\l, 



+ 



m m 
( 7 /l) rr + (2 — h 3l h) r + (— &0r 



We consider first {^fh) rr . Using \h r \ + \rh rr \ < C, we have 

||(7/l) rr || L 2 < C \\\j rr \ + \l r h r \ + |7^rr||| L 2 



< C II 



+ - 



L 2 



< C |krr|| L 2 + S||g||£ 4 + ||g||| 2 + 

Next we consider {—h^h) r . In a similar manner, we find 



(—h 3 'jh) 1 
r 



L 2 



< c 



2 I I r 



< C 



<c(s ■ 

For the term (£3£/r) r , we have the estimate: 



L 2 
2 



2 

L 4 



L 4 



r 



L 2 



<C[ a || 9 ||| 4 + 



Following a similar procedure for ||L(ze)/r||^2, we obtain 



\\d r L(ze)\\ L2 + 



L(ze) 
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using (|4,19|) . Since || z\\ £ oo can be taken sufficiently small, we conclude 
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(4.21) 



having used the smallness of ||<?||£2. Combining (|4.21|) with (j4.19j) completes the proof 
of (ITOl) . 
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It remains to prove (|4.14|) . Since u(x) = e ( me + a ) R (Ji(r/s) + £(r/s)), it is straightforward 
to check that for 5 sufficiently small, 

C 

h\\tP < - 0- + Wvhi) 

and so Q4.14JI follows from 1)4.20(1 and (|4.21j) . This completes the proof of Lemma 14.81 rj 
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